Let R be a ring with Jacobson radical J and with center C. Let P be the set of potent elements x for which x k = x for some integer k > 1. Let N be the set of nilpotents. A ring R is called subperiodic if R \ (J ∪ C) ⊆ N + P . We consider the commutativity behavior of a subperiodic ring with some constraint involving extended commutators.
In preparation for the proofs of the main theorems, we state the following lemmas.
Lemma 1 ([1]). Suppose R is a ring in which each element is central or potent. Then R is commutative.

Lemma 2 ([2]
). Let R be a ring such that both J and R/J are commutative. Then N is an ideal and R/N is commutative.
Lemma 3 ([3]).
Suppose that R is a ring such that for every element x in R, there exists an integer n > 1 such that x − x n is in the center of R. Then R is commutative. This lemma is readily proved by induction. for some integer k > 1. Hence,
Lemma 5. Suppose R is a subperiodic ring, and suppose that σ : R → R i is a homomorphism of R onto a ring R i . Suppose, further, that the set N of nilpotents of R is an ideal. Then, the set N i of nilpotents of R i is contained in σ(J)
Since N is an ideal and a ∈ N, we conclude that d − d k ∈ N, and hence
Let
which implies (as is readily verified)
Therefore, by (2),
Since d 
, and
where e = (dg(d)) q is an idempotent, and thus by (1), we see that
In view of the homomorphism σ :
. By hypothesis, any idempotent e ∈ R is central in R, and hence
Since e i is a central idempotent in the subdirectly irreducible ring R i , e i = 0 or e i = 1. If R i does not have an identity, then by (5) and Lemma 5, R i is as described in type 1 (since e i = 0). On the other hand, if 1 ∈ R i , then R i is as described in type 2, since
. This proves the lemma, since in the latter case,
We are now in a position to prove the main theorems. 
Then N is an ideal and R/N is commutative, and thus R has a nil commutator ideal.
Proof. Let S = R/J. Then, by definition, every noncentral element of S is a sum of a nilpotent and potent element. (7) Since S = R/J, S is a subdirect sum of primitive rings S i . Case 1. S i is a division ring. Since (7) holds in S i , every element of S i is either central or potent, and hence by Lemma 1, S i is commutative.
Case 2. S i is a primitive ring which is not a division ring. Since condition (6) holds in S i , and since this condition is satisfied by all subrings and by all homomorphic images of S i , it folllows, by Jacobson's Density Theorem [ [4] ; p.33], that for some division ring D and some integer q > 1, the complete matrix ring D q also satisfies (6). This, however, is false, as can be seen by taking x = E 11 + E 12 , y = E 11 in D q . This implies that S is a subdirect sum of commutative division rings, and hence R/J is commutative.
Thus, both J and R/J are commutative, and hence by Lemma 2, N is an ideal and R/N is commutative, which proves the theorem.
Theorem 2. Suppose R is a subperiodic ring with identity and suppose that J is commutative. Suppose, further, that for all x, y in R, there exist positive integers k, l, m depending on x, y such that
Then R is commutative.
Proof. First, we show that All idempotents of R are central.
To prove this, let e 2 = e, x ∈ R, and let f = e + ex − exe. Then f 2 = f, ef = f, f e = e. By setting x = f, y = e in (9), we obtain ex = exe (as is readily verified). Repeating this argument with e now replaced by 1 − e, we see that xe = exe, and hence e is central, proving (10). Moreover, N is an ideal (by Theorem 1).
As is well known, R ∼ = a subdirect sum of subdirectly irreducible rings R i .
Let σ : R → R i be the natural homomorphismm of R onto R i . In view of Lemma 6 and (10), (11), (12), we see that
Our next goal is to prove that
The set N i of nilpotents of R i is an ideal.
To prove this, let (11)), and hence N i is commutative (since J is commutative) and (14) is proved. We claim that
To prove this, note that (15) is trivially satisfied if b i ∈ C i or if b i ∈ σ(J), and hence by (13),
Note that R i inherits (9) in R, and hence for some positive integers k, l, m,
Moreover,
, and hence by (17),
Since 
Thus,
In view of (16) 
Suppose not. Then,
Since [a i , b i ] = 0, not both 2b i and 3b i commute with a i . Assume, without loss of generality, that
In view of (13), we see that (22) and (23) 
Since N is an ideal (see (11)), all the hypotheses of Lemma 5 hold in R, and hence by (1) of Lemma 5,
Note that, since R i inherits (25) from R, we have:
Moreover, since σ(J) is commutative, (22) and (23) imply
By (26) and (27), we conclude that for some positive integers k i , l i
By (14), N i is an ideal of R i . Letx i = x i + N i , for any x i ∈ R i . Then, by (28),
Note that by (29),
Since b i is a unit (see (24)),b i a unit also. Thus,
which implies that
and hence R i is not of zero characteristic. Since R i is subdirectly irreducible, we conclude that
In view of (24), (29), and (30), it follows that the subring <b i > generated by the unitb i is a finite commutative ring with identity which has no nonzero nilpotents, and hence 
Returning to (15), let β be the least positive integer such that
We claim that
Suppose not. Then β > 2, and hence by (32),
which implies
By ( 
which contradicts the minimality of β (see (33)). This contradiction proves that β ≤ 2, and thus
By (22), a i ∈ σ(J), and hence by (32) and the fact that σ(J) is commutative, we conclude that
Combining (38), (37), (30), and Lemma 4, we obtain [a i , b i ] = 0, which contradicts (22). This contradiction proves (21).
To complete the proof, note that by (26), we have:
Moreover, since σ : R → R i is an onto homomorphism (see (12)) and since N is an ideal (see (11)), it follows by Lemma 5 that
Combining this with (21), (39), and Lemma 3, we see that R i is commutative, and the ground ring R is commutative. This proves the theorem.
The next theorem removes the hypothesis that 1 ∈ R in Theorem 2. 
As we saw at the beginning of the proof of Theorem 2, ex = exe for all idempotents e and all x in R.
(That proof did not assume that R has an identity.) Next, we prove that xe = exe for all idempotents e and all x in R.
Let f = e + xe − exe, e 2 = e. Then f 2 = f , ef = e, f e = f . By setting x = e, y = f in the hypothesis "[x, y] m x k y l is central" in (40), we obtain (as is readily verified), xe = exe, which proves (41). Also, by Theorem 1,
Write R is a subdirect sum of subdirectly irreducible rings R i . Let σ : R → R i be the natural homomorphism of R onto R i . In view of (41), (44), and Lemma 6, R i must be of the following two types:
, and hence σ(J) = R i (since u i is a unit), which implies that R i is commutative (since J is commutative), contradicting the fact that [u i , x i ] = 0. This contradiction proves that d ∈ J. The net result is: d ∈ (J ∪ C), and hence
In view of (41), (44), (48), and (4) of Lemma 6, we conclude that, for some positive integer q, 
Thus, by (49), (50), we see that e is a central idempotent, e = 0, e ∈ R,
and hence eR is a ring with identity e, which (as is readily verified) satisfies all the hypotheses of Theorem 2, and hence by Theorem 2, eR is commutative.
Recall that σ : R → R i is an onto homomorphism. Let Related work appears in [5] .
